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QUESTION 1 (12 marks) MARKS

a) Factorise fully x° —4x 1

b) Find the centre and radius of the circle 2

x*+y?—4y=0

c)  Solve [4x+1|=5 2
d) Find the values of a and b such that («/g +42 )2 =5+ 24Jb 2
e) Let f(x) = \/4——__7.47 . What is the domain of f(x)? 1
1) Find the exact values of 6 such that v2 sinf=1 , where) <6 <27 2

3 a—4
g) Express ——— —

- as a single fraction in simplest form. 2
2a+3 a

I i .
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QUESTION 2 (12 marks) Start a new page MARKS

a) Differentiate with respect to x:
. Inx
l) Y= 5 2
X
ii) fx) = (1+sin x ) ° 2
b) i) Find [(2x+ 1)3dx 1
A 6
il) Find [{——dx ‘ 2
3x+1
2
iii) Giventha: [ (px+1)dx =1, where p is a constant, 2
0
find the value of p.
¢) Find the values of & for which the equation kx? — (k+3)x+4 =10 3

has two distinct real roots.

b e s ]
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QUESTION 3 (12 marks) Start a new page

a)  The area under the curve Y =+16—x", from x = 0 to x =3, is rotated
about the x-axis. Find the volume of the solid of revolution formed,

b) The diagraﬁl shows the points A (-1, 1), B(3, 6), C (5, 1) and D (-3, -9).

AB is parallel to DC.

i) Find the coordinates of E, the midpoint of DC.
i) Find the equation of BE.
1) Find the perpendicular distance from A to the line BE.
1v) Show that ABED is a parallelogram and find its area.
. .. 9 9 g
c) Find the value of x if —+ =+ —+......... =18
x  xz  x3

MARKS
2
1
2
1
3
3




QUESTION 4 (12 marks) Start a new page MARKS

a) Anthony is a weight lifter. He is training for a competition in 4 weeks.
On the first day he lifts 120kg and each day after that he lifts 1.5kg more
than the previous day, until the day he reaches his goal of lifting 150kg.
He then continues to lift 150kg each day.

i) How much coes Anthony lift on the 10™ day? 1
ii) On which dey does he first lift 150kg? 1
iil) Anthony sta:es that the total weight he lifted over these 28 days is more 2

than the weight of an elephant of 3.5 tonnes.
Is he correct”? Give reasons to your answer.

b) Use Simpson’s Rule, with 5 function values, to find an approximation to 3
4
j xe* dx
0
c) Find the size of each interior angle of a regular polygon with 20 sides. 2
d) For the equaticn x? — 8y + 2x + 9 = 0, find:

1) the vertex
1) the equaticn of the directrix.

— N

s
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QUESTION 5 (12 marks) Start a new page MARKS

1 .
a) The diagram shows the area bounded by y = Tz the line x = 3 and the liney = 1. 3

X+
Find the shadzd area. y
4
3
2
1N
NG
o 1 2 3 8
\ 1
b) Find the value of x if log;g(2x +4)=1+logy x 2
c) Find the equation of the tangent to the curve y =x + e** 3
at the point where x = 0.
d) In the diagram the shaded areas A; and A, are bounded by y = In x and 4

the y axis.
But A, is also bounded by y=0 and y=a and A, is also
bounded by y=:a and y=b.

A is 1 square unit and A, is 2 square units.

y
= y=In x
b+
A2

a bk

Ay

l/' x
6] /
»/

ert
Find the values of a and ».

T —
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QUESTION 6 (12 marks) Start a new page MARKS

a) In the diagram, AB is a chord of a circle with centre O and radius r cm,

such that ZAQOB = -2375

AB is also the diameter of a semicircle with arc length 67 cm.

A

B
1) Find the length of the interval AB. 1
ii) Find r the radius of the circle centred at O. 1
1i1) Find the shaded area, which lies inside the semicircle, but 3
outside the circle.
b) 1) Prove that ﬂg— =sec?0-1 2
1-sin“6
ii) Hence, or otherwise, find the value of f 3_sin’6 2
1— sm26
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QUESTIONG6 Continued Marks

c) The diagram shows the graph of y=atan bx, for-m < x < 7. 2
Find the values of aand b.

[ ‘r y t
! 8+ :
6+ :
! 41 :
i 21 |
—'r:.f /2 :371 X
d) Graph y=2cos 2x, for 0 <x <27 1




QUESTION 7 (12 marks) Start a new page MARKS

2
a) A(-2, 1) and B(-6, 9) are two points on the parabola y = %—

y ) 2
Y=y
B (-67 9)
A ('27 1) .
X
0
Find the coordinates of the point C on the parabola, where the normal 2
is parallel to the line AB.
b) In the diagram ABCD is a thombus. DC is produced to E and BC 3
is produced to F, such that ZCDF = ZCBE.
A B
/ C
D E
F
Prove that A CEF is isosceles.
) A function f{x) is defined as flx) =x>+6x>+15x for -3 <x <1.
1) Show thet the curve of y =1(x) is always increasing. 2
i1) Find the coordinates of the point of inflexion. 2
1ii) Sketch the curve y = f(x), clearly indicating the intercepts and 2
the point of inflexion .
v) Find the range of f(x). 1
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QUESTION 8 (12 marks) Start a new page MARKS

a) Let f(x)=x"+ ])x3 — 6x*>—2, where p is a constant. 2

Find the values of p for which the graph of y=f (x) is concave up at x = 2.

b) A diamond is to be cut in the shape of a square pyramid, with a slant
height 4 cm and a perpendicular height of / as shown in the diagram.

i) Show that the volume of the diamond can be expressed as 2
v="(16-n).
3
it) Find the greatest volume of such a diamond. - 2
c) Air pressure P, measured in kPa, at an altitude of /# metres above sea level
kh

can be approximated using the formula P=101 €
The air pressure is 90 kPa at an altitude of 1000 m.

, Where k is a constant.

1) Show that the formula satisfies the equation Z—Z = —kP.

i1). Find the air pressure at an altitude of 5000m. 3

1ii) Find the depth of a mine, below sea level, where the air pressure B 2
is 103 kPa.
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QUESTION 9 (12 marks) Start a new page MARKS

a) A particle moves along the x axis. Initially, it is at rest at the origin.

The graph shows its velocity, in ms”, as a function of time t for 0 <t <12.
\

v
3
2 R PR SRR DRSO AUOULTOURRI SUUOHUOIOUS SOURMSOROEI TTURRURIUINS SONURTOOUINS: SRUPORIRI) /ASURRRAONS SOTSRRORSR SOUSIUTNS SURRNOIOOD: NPT
1 i I
|
i t
\91:-45675.910111g
-1 \ : : |
2
I O . -
4 e .
i) Given that the velocity v=1t>—4t for 0 <t <3, find the dlstance 2
travelled by t] 1e particle during this time.
ii) Show that the particle returns to the origin after 12 seconds 2
ii1) Sketch the graph of the displacement of this particle for O <t <12. 2
b) The velocity of a particle is givenby v=2¢e' — 6e" -1,
where v is the velocity in ms™ and t is the time in seconds.
The particle is initially at a point 9m to the right of the origin.
i) Find the iitial velocity 7 1
1) Find the t me when the particle comes to rest. | 2
iii) Find the acceleration of the particle when t=2. 1
1v) Find the cisplacement of the particle when t = log,3. 2
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QUESTION 10 (12 marks) Start a new page MARKS

a) In the diagram, B and C are two points on the sides AD and AE
of triangle ADE, such that ZACB = ZADE = 6.

Also, BC=a, AC=b, AB=c, BD =4b and CE = 2c.

i) Given that AABC is similar to AAED, deduce that 2
b’ ¢” = 2be.
ii) By using the cosine rule in AABC, show that 2
a’ — 2ab cost) + 2bc = 0
iif) Using the result in part (ii), show that cos?0 = Zbg 2
b) Jodie won M dollars in a lottery. She invested this prize money in an account

earning interest at a rate of 7.2% p.a, compounded monthly.

At the end of each month, after interest had been added, she withdrew
0.009M dollars for living expenses.

i) Let A, be the balance in her account after she withdrew her money at the 3
end of the n™ month.

Show that A, = 0.5 M (3 —1.006")

ii) At the end of 4 years, after making her regular withdrawals, Jodie’s balance 1
was $1500 651. Calculate the amount she originally won in the lottery.

it} Jodie wanted her account balance to reach $2 000 000 after a further 2
5 years. How much should her new withdrawals be in order to
achieve this goal?
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2011 Year 12, Mathematics Trial Paper

Solutions

Question 1

a)

b)

d)

X —4x = x(x2~4)
= x(x+2}(x—-2)

X2+y2——4y20
x2+y2—dy+14 =4
X+ (y-20°= 2°

0

O

Hence, the centre of this circle is (0, 2)

8

and 1ts radius 1s 2 units.

[4x+1]=5

Then 4x+1=5 or 4x+1=-5

4x =4

x=1 or

4x =-6

x=-1

>0

Note: As the absolute value equals a
positive number, both solutions are valid.

(\/E+\/§)2=5+ 2Jb

a42+ 224 = 5+ 246
SO a+2=5
thatisa=3 @)
and2a="b
~b=6 ()

y=4-x? represents a semicircle
centred at the onigin with a radius of 2

as shown.

Hence, the  ofgma v 5

ﬁsinezl

A 1
hence sind= _/?
A

-2 g%

®

52@

50 B = gorif- in the domain 0 <8 <27 @

1

2011-" €T #H S ~ Yrl2--Mathematics solutions

2 3a + 2a 450 Hi2

A (2a47)

v $a

2.2

Question 2|

a) i)

b)

@

Al 2ar3)

Using the quotient rule,
let u=lnx and v=%

and v’ =2x

!y= (1+sin x ) 6
\Using the chain rule
y,=_Lll'l'l

' m-1

y =mu xu'

dx

= 6cos x (1+sin x)s

éz _>o+/_) Lf

g

+C

@

E.'.EY-=6>< (1+sinx)scosx



. 6
) I3x+1
3
=21 ——dx
3x+1 @

=2In(3x+1) +c¢ @

dx

2
i) j (px--1)dx
0

2 2
{BX_H} @
2

0
=2p+2—(0+0)

Hence, 2p+2 =1
2p=-1

-1 D

2
<) L% %acs 0
Cﬂr+3)2- 16470 @

2
b~ —tok +9>0

k- (k)70 0

0

_ l’\/q
f,{(l 9fk>ci

Qv sTIon S

a) - Fo-x " ol

fJ
—~—
-~
G
o~
)
L
f
wiw
\f
\J

b) i)  Midpoint ("1;"2,3’1‘;3’2J _

"'E(S_?)’I_QJ
27 2

=(L4) )

f i1) gradient BE = %ifl}_ =5 @

f Equation of BE 1s
y+4=5(x-1)

yt+4=5x-5
5x-y-9=0 @

i) d= ]axl +by; +cf
va? + 2
_ x-1-1x1-9
!: /52+(—1)2
| [-5-1-9

units

V26
@ 15 _ 1526
V26 26

iv) Gradient of AD is = 1+9 _
—-1+3

Now, as gradient of BE = @
gradient of AD =5,
then BE is parallel to AD. Also,
AB is parallel to DE (given).
’ Therefore, ABED is a
, parallelogram
(opposite sides are parallel)

[FERE SN =

LY B(3, 6)
i

A(—l,%

D(-3,-9)

Area of the parallelogram ABED
=BExd

15 i 2@
= 6 x =30 units “.
Eg‘ 426 ,




)

4
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1
p T

M.
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ge. 1

z /g

18

[P = 277

e 2
e 2

Question 4

a)

i)

iii)

b

O

o

The weights that Anthony lifted

each day form an arithmetic
sequence with a = 120kg and

d=1.5kg

On the 10” day he lifted

Tm a+9d

=120+9x15=133.5kg (@)

He lifts 150kg on a certain day
that is t, = 150kg that is

150=120+Mm—1)x 1.5
30=(m-1)x1.5

20=n-1
21=n

Hence, Antaony first lifts 150kg

on the 21% day.

In the first 21 days he lifted

120+ 121.5+..+ 150

(120+ 150)=2835kg @

i
I
i
F

On the remaining 7 days he lified
150 x 7 = 1050kg
So, the total weight he lifted is
2835 + 1050 = 3885 kg

Hence, Anthony is correct as he i
has lifted 3.885 tonnes which is
more that the weight of an

elephant of 3.5 tonnes.

g

[2

3

X
f(x)

1 0

Lzez

3e?

Yo Y1

,)J

3 o "y

Y3

4|
4&4_j®
¥4

[Y0+Y4+4(Y1+Y3)+2Yz]

~=-| 0+4e +4(e+3e3)+2(262)]

} Interior angle sum of polygon with

-1 sides 18 (n—2)x180° = (20 - 2)x 180°
_ = 3240°

As all angles in a regular polygon are
equal, then each angle is

3240° + 20 = 162° @

lternatively, the sum of the exterior
gles of a polygon is 360°, so each
xterior angle is 360° + 20 = 18°,

%0 each intertor angle =180° - 18° = [62°

<)

|
‘\ Overpon S

#) Required area =
ared of rectangle - area under the curve

I 1 3

0

P ]
§ 735 g7l =3~ —ln7yu’
|
L) 10g1&(2x+4)—1+10g10x

2x+4
10810( )=1 @

2x+4_

X
2x +4—10x
4 8x

Xﬁé 0,

=10




%) y=x+e> iii) The shaded region =

oy ; area of semicircle with diameter AR
a_: 1+2e¢% (gradient function) @ — area of minor segment with chord AB.

1 2 1 2
When x =0, m yungent = 1+2e ~3® *Exnx6 -—x(4\/§)2x(-7£_-singf) @
Also, whenx =0, y=0+¢° =1 3

.. the equation of tangent is

: =18% - 24 x (_____
y—-1=3(x-0) ! ) @
y=3x+1 =187~ 167r+12f

| =@r+1243)em? D

A/ As y=Inx, then x =¢”.

]
)
a : ! b) i) LHS = &g__
;AT jeydy @ ' 1~sin“0
J 0 g _ sin0
i; = [ey ]3 = e* - cos® 0

=tan? 0 ;
a _— =
So, ¢ la =gec? 8 -1 @

;: ¢ = RHS
k Hence,a=1n2 @ l n
1 b 3 .2
1 A= _feydy ! ii) J'__im_e,dg
E " T 1-sin® 0
L e fieee D °
| 3
| So,e’-2=2 = | (sec? 01y do
e’=4 | il
\'\ ;, 6

\\L Hence, b =In @ 2In2

Question 6

6
a) 1) As AB is the diameter of a circle with 3 3 6 6
semi circumierence lenzth 67 cm then

:\/g—E—.n_B_q_..TE
l>'<'ft><AB:61rc ‘\ 3 3 6
2 ' '=. — 2\/5 7T
Hence, AB=12cm \1‘ = 5% @
11)

¢ ) From the graph it can be seen that
y = atan bx isundefined when x =7
that is a tan b is undefined. But this

67 o occurs when bt = g-, hence b = %
: Also, from the graph we can sSee that
' whenx= g , ¥ = 2. By substituting this
- info y = a tan bx we get
5 2=at lxﬂ
In triangle QAC | Catan ) oxs
. w6 -

|
I
\1)

3.6 r= '—4~/—cm a=2 @



A4
24 /
oot
-.L o
\
Question 7
. G-1 8
a) Gradientof AB= -——— = —=_
-H+2 -4

As the Normal is parallel to AB, then

the gradient of the normal at C is -2

Therefore, the gradient of the tangent at
l ! .

Cis —
2
(As tangent perpendicular to normal).
NOW, g..x_%_)i _—_E
& 4 2
ox 1 1
So—=-—,thenx=1,andy= =~
2 2 4

Hence, C(1, i— ).

b) In ACDF and A CBE

£ CDF = Z CBE (given)
£ DCF = Z/BCE R
(vertically opposite angles are equal) @
DC=BC (equal sides of a rhombus)

. ACDF=ACBE (2AS) ;
CF =CE (corresponding sides of .
congruent AEDF and AF3E are equa1)3 @
Hence, A CEF is isosceles

(two equal sides).

e i) Hx)=x"+6x>+15x
) f(x)=3x*+12x+15
=3(x*+4x+5)
Let £(x) = 0 to find the possible
stationary tuming points.
S3(x*+4x +5)=10, that is

X2 +4x+ 520 *
O

Now, A=16-4x1x5=-4<

As A <0, f(x) has no real roots and as
the coefficient of x* ;s 3 which is positive

then 1'(x) is positive Jefinite.

So, the gradient s positive for all x. l @
s

Hence the curve of y = f(x). is alway:
increasing.

i) £7(x)= 6% + 12

Let £ "(x) = 0 to find the possibie points

of inflexion.
So,6x+12=0 .. .x= -2 @

I
I

1{ OH

TTest: [ x -3 J-2 T4
! [f"x) 16 10 6

As the concavity changes there 18 a point
of inflexion at (-2, -14).
|

i)
T

. 20-

@ lﬂ'LUL&f‘;/ /Aa‘%z/;?s’tﬂ 16-
@ enibinds 127
R

. N

T T T T I
3 2 -1 ] 1 2

Point of inflexion -8
=2,-14) -12+

16
(-3,-18) 20-

iv) TFrom the graph, the range is

-18 =y <22 @
Queston &
v—"‘—"———’-ﬂ"w

“) fix) = x* + px* - 6x*- 2
~E(x) = 4%+ 3pxt - 12x
E(x) =12 + bpx—12 (1)
f(x)is concaveupat x=2
thatis £"/(2) >0
f"2)=12x4+12p-12

 36+12p >0
12p >—36
p>-3



Using Pythagoras theorem in
triangle OAB, we get
x*+h2=42
16~ b’
So, the length of the side of base is
2416 -1?
~ Therefore, the area of the base is

(2416 -h? ¥ =4(16 ~h?)

Hence, the volume of the prism is

V:§><4(16—h2)><}1 @

= %(Iﬁ—hz)

i) V:uiash—h%

i\i_i S(6- k%)
dh
(gradmnt function)
Let%: 0 to find the possible
stationary turning points.
:.g{16—3h2)z()
So, 163K =0

pe= 16
3

3
But h is the height, it must be
positive.

;h=j% I’

2

NOW,~—~Y-=— 8hso whenh=—
dh? J3
aZv

—~—< 0
dh?
- the vohime is maximum at

h=é’r

NG

<) O‘!

(ii}

Jii)

So maximum volume is
V = i e _i_(l 6 — EJ

512 51243

Y L wie’ (B

-k

P:iele

of kA

aL s heene 3@

2 kP

P=10le
Given P=90 when h= 1000 then

H

; 00 = 101 e——kxlOOO

F 90 _ —1000k
| 101

| 1n[551)=:~1000k

90
k = 1n| 22| +—-1000
n(unj a,

k =0.0001153108....
When h = 5000, P =101 ¢ %
P = 56.74 kPa

When P =103, 103=101 ¢

103 g kb , that is ln[ms)—"@
101 101

h= In(w?’]—Hk
101
h =-170.05

Hence, the depth of the Thine is
approximately 170 m below sea level.

Question 9

a) 1) distance travelled = area between the

velocity curve and the t- axis.

D= ]'j(tz —41) dt‘

3 3
3 0
= %Z -2x9-{0- oﬁ 9

The particle travelled 9 m.



The particle will return when the area
under the curve and above the t- axis is :
equal to the area above the curve and @ {
below the t- axis.

This means when the distance travelled to /
the left equals the distanze travelled to the

Ilght ,f/
From the graph, we could see that this

occur when t = 12s. C)

i) 5T%
0 1 z 3 4 5 6
-3
Point of
-5 \inflexion
2—53—)
0 (3.-9
12
Min {6, —13.5)
1) wheo t=0
v .'Ze.o- éce.o-!
S Fels @
M) vezo
£
o 2e - b -
g ~{ =0 (D

o

268 ~gt-e
(2e%+3)(es2)=0

t

-, L o

R /952. 5‘4.:.01\."1' @
(<4

&

-t

a = 2&.&-& éga

(i)

WL.(_\ &‘.‘.2.

2 -
&:2«& -I-é,e'z

z 2, ¢ =
2e -I-__im/:@

L

) By integrating V with respect of time,
weget x=2c'+66 " —t+¢
When t=0, x =9 thatis
9=2e"+6e°—0+c
9=8+¢
c—~1

Cx=2e"+6et —t+1,

whent~1n3
x=2¢"™ +6e ™™ n3 +

X=2x3+6x % —mln3+1
x=9-In3 m

Queshon |0

As corresponding sides in simnilar triangles
are in the same ratio then

AB AC c b
n - _
b+2¢ c=+4b

&,

Q) /)

“ b2+ 2bec=c2+4be
b? =2+ 2bc
Hence, b*—c2=2pe¢

Zabcose .

—2abcosh

: —2bc a?— 2abcose @
a’-2ab cosf+2hc =0

1i) In A ABC,
az + b2

1i1)

2’ —2bcosf a+ 2bc = 0 is a quadratic [
equation which will only have solutions
ifA >0

Le. 4b%c0s% -4 x 1 x2be =0 @
b%0s%0 —2bc >0

——



b} 1} 7.2%pa=72% +12=0.006 per month
Balance at end of the 1% month is_,
A =M x1.006—-0.000M [
Balance at end of the 2™ month is
Az = (Mx 1.006 — 0.009M) x 1.006 — 0.009M
=M x 1.006% — 0.009M x 1.006 — 0.009M
=M x 1.006° - 0.009M (1 + 1.006) .

-
- -

Balance at end of the nth month is

Ar =M x 1.006" - 0.009M (1+ 1.006 +
+ ot 1.006™ +1.006™) @
! But 1+ 1.006..... +1.006™ is
a geometric series where a=1

and r = 1.006 then

An=M x 1.006" - 0.009M (1'999_;1)
0.006

Ap=M x 1.006" - 1.5M/1.006"~1)
Ar=Mx1.006" -1.5M x 1.0062+ 1.5M
An=15M-0.5M x 1.006" @
Ap=05Mx (3-1.006")

!ii) Balance at end of the 4™ year is
‘ Az =3 1500651 then
1500651 = 0.5Mx (3 - 1.006%)
\ M=1500651 + 0.5x (3 =1.006%)
I M=$ 1800000 {

iii) Starting from the 5 yea:~
i Let the new withdrawal amount be W.
L The balance at end of the 1% month is
B;=1500651 x 1.006 - W
| So, the balance at end of the 2™ month is
\ By=(1500651 x1.006 —W) x 1.006 - W
| =1 500651 x 1.006° — W x 1.006 - W
| =1500651 x 1.006° — W ( 1+ 1.006)

\
! . .

* - " -

Hence, the bélance at end of the nth month is

1.006" -1
_ o0 w0 L) )
B,=1500651 x1.00 ( 0,006 )

g Given that when . = 60, B, = $ 2 000 000

: Therefore, 50

' 2 000 000 =1 500651 3 1.006™ —
1.006% -1

we 0.006 )

60
: W(-l'—O(E-—"—I) = 1500 651 x1.006* — 2600000
0.006
W =$2065.10 @



